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§1. Introduction

The packing of spheres has been a subject of interest for many scientists (Sloane
(1984)). Many investigators have sought the densest way to arrange identical spheres in
space. An asymptotic formula that provides an upper bound for the packing density, o4,
of d-dimensional spheres in a d-dimensional space as the space volume approaches infinity
is due to H.E. Daniels and reparted in Rogers (1058, 1964). It is

d 4+ 1)le{4/2)-1
20(1 + $)(4d)4/2

~g( %)‘

In addition several investigators have looked into the random packing of spheres. Ran-
dom sequential packing of spheres has been applied by Bernal (1988) to study the structure
of liquids and since then it has been discussed by other authors, for example, Higuti (1960),
Solomon (1967), Tanemmura (1979) and others. Becanse of analytical difficulties whea
% 3 2, ane dimensional random sequential packing has réceived attention. It is an inter-
esting subject in probability and has been discussed by several anthors, for example, Rényi
(1958), Dvoretsky and Robbins (1964), Solomon (1967), and Itoh (1980). The one dimen-
sional model can be extended to random sequential packing of cubes. Consider random
sequential packing of hypercubes of sidelength 1 into a larger hypercube of sidelength =
with rigid boundaries. It seems to be natural to expect that the limiting density 84 as
= tends to infinity in 2 space of dimension d equals 5% where J is the limiting packing
density ford= 1,

This conjecture was posed and discussed by Palasti (1960). as a follow up to Rényi’s
simulations and analyses by Blaisdell and Solomon (1970, 1982) and Akeda and Hori (1075,
1978) refute her conjecture. Asymptotic behavior of the random packing density as the
dimension tends to infinity is of interest, but there is no analytical result for dimensions
higher than one. Computer simulatons are difficuit and expensive as dimension increases.
Here we introducs two simple models: simple cabic random packing and random packing
by Bamming distance, to get some feel for random packing density in higher dimension.

...................................................................
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We improve the previous simniation results for cubic random packing (Itoh and Ueda
. (1983)) by increasing the number of runs. Also, we give simuiation results for random
packing by Hamming distance and discuss the behavior of packing density when dimen-
sionality is increased. For the case of Hamming distances of 2 or 3, 4™ fits the simmiation
results of packing density where d represents the dimensicn and 0>0 is an empirical
constant estimated by the least squares method,see Table 3.'.

The variance of packing density is larger when k is even and smaller when & is

odd, ses Table 2, Where & represents Hammgdistam

§2. Simple cubic random sequential packing
Blaisdell and Solomon (1982) gave an experimental formmla

gl -p=(d-1)8"2-p) for

d = 3,4, which may direct our attention to packing density in higher dimensicns. But for
the more general situation discussed by the above authors, it is difficals to get values for
more than four dimensions. For a simple random packing model, Itoh and Ueda (1983)
gave packing densities up to 11 dimensions. In this model consider a cube in d dimensions
with sidelength 4 and a cabic lattics with unit sidelength. Cubes of sidelength 2 are put
sequentially at random into the cube of sidelength 4 90 that each vertex coincides with
one of the lattics points. We continue until no place can be found in the large cube to
place the smaller one. Counsider the packing density 74 of dimension d. The experimental
formnla by Blaisdell and Solomon (1982) fits the resuits for d = 3,4, S as we can ecasily see
from the resuits by Itoh and Ueda (1983). From computer simuiations up to dimension
13, 74+1/74 seems to approach ane (Itoh and Usda (1963)), which may suggest As+1/fe
of the general model also approaches one as d tends to infinity, see Table 1.

§3. Random sequential coding by Hamming distance

One of the possible applications of spherical random packing is in recognition thecry,
(Doiby and Solomon (1975)). To minimise the recognition error rate for a given rejecticn

e




rate, the following decision rule is reasonable, if the objects are all equally likely to occur.
H an arbitrary point in the observation space is within r distancs units of the expected
value point of one (and only one) of the given objects, identify the arbitrary point with that
object. Otherwise reject the observation. Here distance is the usual Euclidean distancs.
Dolby and Solomon (1978) compared spherical random packing density with the ratio
between existing monosyilabic words and possible monosyllabic forms in English. Here we
simplify the situation and introduce a random sequential coding model.

Consider a2 set of 2% points whose coordinates are 1 or 0 in a Euclidean space of
dimension d. Euclidean distance is defined between two points of the 2% points. The
square of the Euclidean distance in this case is called the Hamming distance in coding
theory. Problems in random coding are discussed by several anthors, (Shaanon (1948),
Abramson (1963) ). Our model may be called random sequential coding. Consider a
random sequential packing into the 2% points. At first we choose one point (d coardinates)
at random and we record it. Choose another and record it if its Hamming distance is
2 &k, (k < d), otherwise discard it. Now, choose the next point at random and record it
if the Hamming distance from each of the 2 points is not less than k, otherwise discard it
: and choose another point at random. We continue this procedure until thers is no possible
5 point to record ameng the 2% points and we now have the number of recorded points
'— X(d, k).

Define a packing density by X(d, £)/2¢ and label B(X(d,%)/2¢) = é4x. Computer
simulations suggest §¢.1.4/8¢s approaches one as d tends to infinity, as in the case of the
simplest cubic random packing. Another interesting fact is the variation of the variancs of
X(n, k). For k even the variance is large and for odd k the variance is small; for fixed d.
see Table 2,

Our model will help to examine the coding system arising in nature (as well as linguis-
tic problems). For example, in the case of the amino acid code, 64 words are theoretically
possible in the triplet coding system by four species of nucleotides ie. 4%. The actual
sumber of amino acids plus chain terminator in the code is only 21. The ratio of the
number of elements actually used to the number possible is 21/64 = 0.328125. It should
be noted that this value is quite close to 0.3263, the packing value for d = 6 and k = 2.
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Note that 2° = 64. A random sequeatial packing model by Dolby and Solomon (1975)
was appiied to this problem by Ilok and Hasegawa (1980). But our present model may be
more amenable for this situation.

‘!4. Paéhgdn-ﬂyndww

From the inequality for Hamming bounds, we have

T Rl > )
for k = 2¢ 4 1, ses Liu (1068). Hence, if the limit of §4..:.4/82s exists, it should be one.

The Hamming upper bound can be sirengthened as follows. Let M(d, k) be the maximum
possible number of code words in a binary code with words of length d and minigmm
distance k, if k/d < 4, thea
d;z‘xg)
B > [ TC

whare p = k/2d,¢ = (1/2p(1 ~ vI=4p), K(p) = p/VT=% (Wyner (1964), Ash (1963)).
Cousider a regular packing for & = 2. Consider a set of points on the hyperpianes s, +
23 + <--2¢ = m, where m is odd. Then the muiual distance betwesn each pair of points
on the set is not less than 2. Take every point on the byperplane for odd m and do not
take any point of the hyperplanes for even m. This makes 3 regular packing of density
0.5, which does not depend on dimension. The form 4= fits our random packing density
m‘y"nhk-z’&a“mmhms’%‘ﬂ a is estimated from the
logarithmic plot of the simulation result for 1084 <17 by the least squares
method. For the case k > 4,d™® does not fit our simulation resuits.
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f ' o Simple cubic random packing
dimension 1 | 2 3 4 5 6 7T | 8 g 10 | 1
mean .Y; * | 0.8348]0.7112 | 0. 6157 | 0. 5481 0. 4927 | 0. 4508 | 0. 4212 | 0. 3958 | 0. 3762 | 0. 3631 | 0. 3526
tandard . |0.2352)0.2196 | 0.17900.1385| 0. 1044 |0.0773 | 0.0548 | 0. 0404 | 0.0277 | 0.0178 | 0. 0231
puzoer of | 10000 10000| 10000f 10000| 10000{ 10000 10000| 3000| S00| 100{ 100
AL A 0.8519 [ 0.8657 | 0.3902 0.3989/ 0.9150| 0. 9343 | 0. 9397 | 0.9505 | 0. 9632 | 0. 9683
_ Table 1
- (The values for the dimension 11 are improvements over the Tesults by Itoh and Ueda

(1983) achieved by increasing the mmber of exveriments.)
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TABLE 2

packing

3.493200
6.203800

11.080800
3.879800

20.171000
6.213600
3.363600

37.082400
9.938700
$.139200

68.899800
16.461900
8.237700
3.810200

129.102400
28.378700
13.091700

4.861000
3.288600

242.240800
49.495400
21.141000

7.588200
4.434000

457.204000
87.313000
34.859000
11.676000

6.417000
3.782000

867.509000
155.63S000
S58.842000
18.122000
9.853000
3.986000
3.310000

1653.710000
279.360000
98 .880000
28.770000
15.040000
6.060000
3.960000

Nl e S s

variance

0.756829
2.815747

6.951967
0.22597S

14.521211

959.137273
22.394343
116.328889
1.451616
4.7054S5
0.279192
0.079192

<,

P of trials

10,000
10,000

10,000
10.000

10,000
10,000
10,000

10,000
10,000
10,000

10,000
10,000
10,000
10,000

T T A e T e
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Table 2

3155.140000
S04.080000
170.270000

46 .490000
22.720000
9.0S0000
5.040000
3.660000

6029.100000
918.180000
296 .880000

75.600000
35.450000
13.810000
7720000
4.000000
3.200000

11585.050000
1675.980000
$13.730000
124.400000
$§5.270000
20.340000
11.640000
$.300000
3.920000

22306 .100000
3074.400000
895 .500000
207.600000
86 .600000
29.700000
17.300000
7.000000
4.200000
3.400000

(continued)

1373.091313
27.872323
243.128384
2.131212
10.203636
0.654040
1.048889
0.570101

3039.525253
45.280404
471.056162
3.474747
16.654040
0.620101
1.880404
0.000000
0.969697

5824.371212
104.302626
1140.300101
4.606061
31.855657
1.297374
3.424646
1.080808
0.155152

14989.211111
291.155556
3013.166667
$.155556
65.600000
1.344444
4.011111
1.111111
0.400000
0.933333

S ek gl Mg Jece endh gt hnd o ..-!‘* “




Table 3 Random packing deasity and d,-z

. d x packing density -
3 2 Je43685 9.50233
4 2 0.38773 0.42052
5 2 0e34027 0.26574
6 2 0.31517 0.32940
7 2 0.2897¢ 0.23542
8 2 0.269132 C.272%9
9 2 0.25215 0.2523¢

10 2 0023656 0.23720
11 2 G.22324 0.22345
12 2 0.21179 0.21168
13 2 0.20186 0.20133
14 2 0.19257 0.19222
15 2 0.18399 0.18611
16 2 0.17677 0.17683

17 2 0.17014 0.17026
4 3 ¢.12539 0.18259 .
S 3 0el2124 N.11764
& 3 0.09708 3.3%636
7 3 0.37764 0.07675
8 3 0.06420 0406435
9 2 0.05401 0.955G9
10 3 0.04823 0.0479
11 3 0.04263 0.0422%
12 2 0.03799 0.02749
13 3 0.03410 C.03392
14 3 0.0307% 0.33076
15 3 0.02802 0.823068
16 3 0.02557 0.92575
17 3 d.32345 0.02281
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